
Emulsion Polymerization Reactor Stability: 
Simplified Model Analysis 

A class of simplified emulsion polymerization models is developed. 
These models include the distribution of particle sizes and radical num- 
bers, and the coupling of the particle initiation rate to the particle size 
distribution. An analytical solution to the modeling equations is found 
from contraction mapping. In addition, necessary and sufficient condi- 
tions for local stability are derived. These result in a simple criterion for 
the onset of oscillations in terms of kinetic rate constants and reactor 
operating conditions. The results clearly show that radical desorption, 
chain transfer agents, and certain types of impurities should have a 
strong influence on reactor stability. 
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introduction 
Continuous stirred-tank reactors (CSTR) for emulsion poly- 

merization of the type shown in Figure t have been known to 
exhibit isothermal multiple steady states and autonomous oscil- 
lations for a wide range of polymers and operating conditions. 
Indeed the persistence of these unwanted oscillations is one of 
the obstacles to the acceptance of continuous processes for emul- 
sion polymerization. Table 1 summarizes the pertinent experi- 
mental studies displaying sustained oscillations and steady-state 
multiplicity. Note that oscillations have been reported for the 
styrene-butadiene, vinyl chloride, styrene, methylmethacrylate, 
and vinyl acetate systems. The period of these oscillations 
ranges from three to ten reactor residence times, depending on 
operating conditions. Styrene and methylmethacrylate polymer- 
izations also are known to exhibit steady-state multiplicity. In 
this case, two stable monomer conversion branches have been 
observed as a function of the reactor residence time. What is 
perhaps most interesting is that all of these phenomena arise 
under isothermal conditions. 

Many investigators have simulated the continuous emulsion 
polymerization reactor with mathematical models in an attempt 
to understand these exotic phenomena. After the early steady- 
state modeling of Gershberg and Longfield (1961), Omi et al. 
(1969) and Brooks (1973) developed dynamic equations for a 
few properties of the particle size distribution. The following 
mechanism was proposed to explain the oscillations: 

1.  Polymer particles are initiated by radical entry into mi- 
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celles provided free emulsifier is available (emulsifier concen- 
tration is above the critical micelle concentration). 

2. The particles polymerize and grow, requiring more free 
emulsifier to stabilize their increased surface area. Eventually 
all the free emulsifier is adsorbed on the particles and there are 
no micelles. Particle initiation then ceases. 

3. The large particles eventually wash out of the reactor and 
micelles reappear due to the emulsifier entering in the feed. 
The process then repeats itself indefinitely. The model of Omi et 
al. has a central inconsistency, however, as pointed out by the 
authors themselves: A particle area expression, which is only 
valid at steady state, was used during the entire time integra- 
tion. 

Although they found the model of Omi et al. lacking, Ley and 
Gerrens (1 974) supported the qualitative picture. They experi- 
mentally documented each of the mechanistic steps of the oscil- 
lation with particle electronmicrographs and surface tension 
measurements. They introduced the term ‘‘generation” to de- 
scribe all the particles that were formed during a particular 
period of the oscillation. 

More recently, the population balance modeling approach has 
been used to account for the particle size distribution (PSD). 
Following the work of Gorber (1 973), Dickinson ( 1  976) solved a 
birth time population balance model to simulate the data of Ger- 
rens et al. (1971) and Ley and Gerrens (1974). Kirillov and Ray 
(1 978) modeled the continuous reactor by adding the inflow and 
outflow terms to the batch population balance model of Min and 
Ray (1974). Both steady-state multiplicity and sustained oscil- 
lations were simulated. Schork et al. (1980) extended this model 
to a broader range of polymers. 

Kiparissides et al. (1 979) also used the birth time population 
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system was found from the Bode stability criterion. However, 
the conclusions from their stability results are in error, as will be 
discussed below. 

Steady-state multiplicity has been attributed to the autoac- 
celeration or gel effect. A maximum of three steady states has 
been found by including empirical gel effect correlations in the 
reaction kinetic model (Gerrens et al., 1971; Dickinson, 1976; 
Kirillov and Ray, 1978; Schork et al., 1980; Rawlings and Ray, 
1982, 1986a). 

In this paper, we begin with a recently developed, nonlinear 
comprehensive population balance model (Rawlings and Ray, 
1986a). We show that it is possible to make simplifying assump- 
tions that retain the essential features of the model even though 
quantitative comparisons with data suffer somewhat without the 
neglected terms. The important point is that this simplified 
model allows a detailed analytic stability analysis that uncovers 
the cause of the isothermal oscillation so often observed experi- 
mentally. A simple criterion for reactor stability is one of the 
valuable practical results of the analysis. 

Figure 1. Emulsion polymerization reactor. 

balance to model vinyl acetate polymerization. In addition they 
applied Bendixson’s first theorem (Minorsky, 1947, p. 77) to a 
simplified model’s differential equations for total particle num- 
ber and conversion. Bendixson’s first theorem gives a condition 
under which limit cycles cannot exist in a region. The analysis 
showed a violation of this condition but does not guarantee the 
existence of limit cycles. Most recently, Penlidis et al. (1985) 
also formulated a model using population balance equations. 

Chiang and Thompson (1979) studied both the particle age 
and size population balance equations in order to predict the 
Occurrence of sustained oscillations. After taking the Laplace 
transform of the particle nucleation function, the stability of the 

Table 1. Experimental Studies 

Investigators Monomer Observation 

Owen et al. (1947) 
Jacobi (1952) 
Gershberg & Longfield 

Gerrenset al. (1971) 

Ley & Gerrens ( 1974) 

(1961) 

Styrene-butadiene 
Vinyl chloride 
Styrene 

Styrene 

Styrene 

Greene et al. (1976) 

Brooks et al. (1978) 

Methylmethacrylate 
Vinyl acetate 
Styrene 

Oscillations 
Oscillations 
Oscillations 

Multiple steady 
states 

Multiple steady 
states 

Oscillations 
Oscillations 
Oscillations 
Oscillations 

Kiparissides (1 978) Vinyl acetate Oscillations 
Kiparissides et al. (1980) Vinyl acetate Oscillations 
Nornura et al. (1980) Vinyl acetate Oscillations 
Schork et al. (1980) Methylmethacrylate Multiple steady 

Schork & Ray ( 198 1) Multiple steady 

Schork (1981) Oscillations 

states 

states 

Modeling Equations 
The comprehensive detailed model of Rawlings and Ray 

(1986a) has been extensively compared to the CSTR experi- 
mental data. These comparisons have shown the model to be 
capable of simulating all of the interesting reactor dynamics, 
including oscillations and steady-state multiplicity. The model 
consists of nonlinear partial differential equations with integral 
boundary conditions coupled to ordinary differential and alge- 
braic equations. However, detailed insight and general conclu- 
sions regarding stability are difficult with such a complex mod- 
el. Thus we will reduce this rather complex model to one that 
still retains the essential features, but that is more amenable to 
analysis. 

We start with the population balance in the particles’ birth 
time coordinate. Let F( t ‘ ,  t )dt’  represent the concentration of 
polymer particles a t  time t having birth times between t’ and 
t‘ + dt’. Assuming no particles in the feed stream and no par- 
ticle coalescence gives, 

in which Q is the volumetric flow rate from the CSTR and V, is 
the reactor volume. Particles are assumed to be initiated by 
aqueous phase free radicals entering monomer swollen micelles. 
The birthrate of these particles then gives the boundary condi- 
tion for the population balance, 

B.C. F(t’ ,  t )  = C,V,,,Rrn at  t’ = t ,  t > 0 (2a) 

in which m is the micelle concentration, R is the aqueous phase 
radical concentration, V, is the volume fraction of water in the 
reactor, and the constants Ci are dimensionless parameters 
defined in the Notation. For an unseeded reactor, the initial con- 
dition is 

I.C. F(t ’ ,  t )  = 0 a t  --m < t‘ < 0, t = 0 (2b) 

All of the balances in this work are written in terms of dimen- 
sionless variables defined in the Notation. 
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The coupling of F(t’ ,  t )  to m(t)  through the boundary condi- 
tion is the central ingredient in the qualitative explanation of the 
oscillations given above. To extract a simple model retaining this 
essential feature, we make the following assumptions (three 
additional assumptions are made subsequently): 

1. Constant volume reactor, V, = 1. 
2. No density change upon reaction, d, = d, 
3. Constant feed conditions 
4. Initial reactor conditions equal to feed conditions 
5. Constant aqueous phase radical concentration, R = R, 

Assumptions 1-4 are readily understood and are not seriously 
restrictive, although the constant-density assumption causes no- 
ticeable errors when making quantitative comparisons to experi- 
mental data (Rawlings and Ray, 1986a). In the full model, the 
aqueous phase free radical concentration R is nonlinearly cou- 
pled to F(t’, t)  by radical entry into and desorption from par- 
ticles. As simulations of the full model show, R does vary, but 
the stability character does not depend on this variation. Thus 
we may safely assume it to be constant in our anaylsis. 

Applying assumptions 1-5 to Eq. 1 and 2 gives, 

aF(t‘, t )  - = - F  -m<t’<t , t>O 
at 

B.C. F(t’,  t )  = k, m(t’) t’ = t ,  t > 0 (3b) 

I.C. F(t’, t )  = 0 t’ < 0, t = 0 (3c) 

The solution to Eq. 3 is readily seen to be 

F(t’, t )  = k, m(t’)e-(‘-‘‘) 0 < t’ 5 t (4a) 

F(t’, t )  = 0 t’ 5 0 (4b) 

Specifying m then determines the complete particle distribution 
at all times. The amount of free emulsifier available to form 
micelles is taken as the total emulsifier in the reactor less what is 
required to saturate the aqueous phase and stabilize the par- 
ticles’ surface, 

Here S is the emulsifier concentration and r(t’, t )  is the radius of 
a particle at time t born at time t’. Assumptions 2-4 simplify Eq. 
5 to 

r ( t  , t)dt’ m’(t) = 1 - - J’F(t’, t )  ’ c8 
V w f  0 

If the particles’ area becomes large, m’ becomes negative, indi- 
cating that the aqueous phase is depleted of emulsifier and there 
are no micelles. The micelle concentration m is therefore given 
by 

m = m’H(m‘) (7) 

in which H is the Heaviside or unit step function with proper- 

ties 

Om‘cO 
H(m’) = 

Equations 6 and 7 and the boundary condition constitute the on- 
off particle initiation mechanism. Substituting F into Eq. 6 gives 
an integral equation for m’(t), 

m’(t) = 1 - kf - c8 ~ f m ’ ( ~ ‘ ) H ( m ’ ) e - ‘ f - f ’ ’ r 2 ( t ’ ,  t)dt’ (9) 
V W l  

Specifying the particle size as a function of birth time com- 
pletes the model. The particle growth rate is expressed as 

r(t‘, t )  = 1 t’ = t ,  t > 0 ( 1 Ob) 

in which 4 is the volume fraction of monomer in the particles 
(assumed independent of t ) ,  is the average number of radicals 
per particle, and gp is the gel effect for the propagation reac- 
tion. 

A general relation for was derived by Stockmayer (1957) 
and OToole (1963, 

in which a and b are given by 

Here n describes the radical entry process. The collision model is 
defined by n = 2 and the diffusion model by n = 1. 

It is difficult to handle the 7 relation as it stands for several 
reasons. First, the gel effect for the termination reaction, g,, is a 
strongly nonlinear function of 4. A low to moderate monomer 
conversion, 4 is approximately constant because the reactor con- 
tains monomer droplets. The droplets act as a monomer reser- 
voir, saturating the aqueous phase. At high conversion, however, 
the droplets are consumed, the particles become monomer- 
starved, and 4 decreases. To keep the model tractable, we must 
therefore restrict our attention to operation at conversions where 
the monomer droplets remain, so that: 

Assumption 6. 

4 = constant 

This assumption allows us to treat the gel effects as constants as 
well. Actually, the assumption 4 = &, is found to be a good 
approximation at conversions well past the droplet disappear- 
ance point because the particle monomer concentration drops 
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rather slowly after the droplets disappear. This is due to the 
thermodynamic equilibrium with and monomer content of the 
aqueous phase. 

Finally, we must simplify the expression for 7 in order to solve 
Eq. 10. As an alternative to Eq. 11, consider the familiar power 
law approximation. 

Assumption 7. 

i = k i r w  O s w < 3  (13) 

which states that the average number of radicals per particle 
depends on some power of the particle size, r. The restrictions on 
w, 0 5 w < 3, are necessary to have physically realistic particle 
growth rates. If w < 0, larger particles have fewer radicals than 
smaller particles, which is not a case of physical interest. For 
w = 3, the particle growth rate is exponential, which is unrea- 
sonable. If w > 3, the particles can reach infinite size in finite 
time, which is out of the question. The restrictions on w then 
ensure that the particles have a polynomial growth rate. 

We would like to choose w and ki to approximate the true 
solution, Eq. 11, in some sense. The power law expression gives a 
straight-line approximation of log(;) vs. log ( r ) .  One is free to 
establish the criterion by which w and ki are chosen. One could 
find the w and ki that minimize some weighted integral square 
error between the true and approximate 2 over some range of r 
values. Another appealing choice is to simply make the approxi- 
mate 7 solution have the correct large-r dependence. It is easy to 
show that for large r, Eq. 11 has the asymptote given by 

i = a /4  (1  4 4  

w = (3 + n ) / 2  ( 1 4b) 

(1  4c) 
c14 ki = - (R/g,o)"Z 
4 

Alternatively, one could force the approximation to have the 
correct small-r dependence. For this case, the power law param- 
eters are 

w = n  (15a) 

Another case of interest is the classic Smith-Ewart case II kinet- 
ics in which 7 = '/2 for all particle sizes. For this case the power 
law parameters are simply 

i = '/z (1  6a) 

It is useful to compare the true solution, Eq. 11, and the par- 
ticular approximations Eqs. 13-16, for some real experimental 
systems. Using kinetic and physical parameters for the styrene, 
methylmethacrylate, and vinyl acetate monomers (Rawlings 
and Ray, 1986a), we can plot 7 vs. dimensionless particle radius 
r for the various models. Figures 2-4 show the exact solution, 
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Eq. 11 (solid line), the large-r asymptote, Eq. 14, the small-r 
asymptote, Eq. 15, and thesmith-Ewart case I1 kinetics, Q. 16. 
In Figure 2, styrene is not well fitted by any power law approxi- 
mation. The small-r asymptote is not valid until well below the 
micelle size, dimensionless radius = 1, The large-r asymptote is 
not a close approximation until the particle size is very large. In 
the range of intermediate sizes, Smith-Ewart case I1 kinetics 
provides the best fit. For methylmethacrylate, however, Figure 3 
shows that the small-r asymptote is a very good approximation 
out to fairly large sizes. Vinyl acetate, in Figure 4, has the inter- 
esting feature that the large-r and small-r asymptotes intersect 
each other at about r - 3. For this case, the large-r asymptote is 
an excellent approximation to the exact solution over the entire 
range of particle sizes. 

The principal difference between the exact 1 solutions for sty- 
rene, methylmethacrylate, and vinyl acetate is the amount of 
chain transfer to monomer and radical desorption from par- 
ticles. Figures 2-4 have shown that for each of the three mono- 

fied model equations are now complete and are summarized in 
Table 2. 

Model Solution 
The micelle equation, Eq. 18, is a nonlinear Volterra integral 

equation of the second kind. It can be solved numerically by 
approximating the integral with a quadrature formula, taking 
steps in t ,  and solving for m'(t) at each time step. Convergence 
of the solution is established by decreasing the time step and 
observing that m' does not change appreciably. A simple com- 
puter program was written to calculate M' in this manner using 
Simpson's rule for the quadrature. 

Since the only nonlinearity in the micelle equation appears in 
the Heaviside function, further analytical progress is possible. 
One may make the usual assumption that the initial particle size 
is unimportant due to the large growth rate and make 

Assumption 8. u = 0 so that 
- 

men, a power law approximation may be useful in modeling. 

a plot such those as in Figures 2-4, and determine a power law 
approximation. One should be careful to note that the exact 
solution, Eq. 11, is a strong function of the amount of chain 
transfer agent used, because chain transfer agents induce radi- 
cat desorption. Thus for operation with a large amount of chain 
transfer agent, even styrene polymerization could have an rela- 
tion much like vinyl acetate. 

For a monomer not discussed here, it is a simple task to prepare m'(t) = 1 - k,  s' m'(t') H(m') e-("") ( t  - t')2/(3-w) df (21) 
0 

It is now possible to piece together an analytical solution. 
Consider the situation depicted in Figure 5. The reactor starts 
Out at t = 0 with mi = 1. Particles are generated and m' 
decreases until t = t l ,  at which time all the free emulsifier is sta- 
bilizing growing particles and particle nucleation ceases. Writ- 
ing Eq. 21 for this time interval gives Substituting Eq. 12 into Eq. 9 and solving for r gives, 

r(t', t )  k, [ ( t  - t') + u ] ' / ( ~ - ~ )  m'(t) = 1 - k,  1' m'(r') e-('-') 
0 

where z, is an initial condition parameter defined in the Nota- 
tion. Squaring Eq. 17 for the particle area and substitution into 
Eq. 9 yields 

. ( t  - t')Z'(3-w) dt' o t c r, (22) 

Table 2. Simplified Dynamic Model Equations 

The solution of Eq. 18 specifies m'(t) and therefore the particle 
birth time distribution via Eq. 4. Adding the particle size rela- 
tion, Eq. 17, then specifies the particle size distribution as well. 

One other property of interest is the total monomer conver- 
sion. The differential equation for total monomer, M, is 

M ( t ) - 1  t = O  

in which the integral accounts for the conversion of monomer to 
polymer in the particles. Due to the constant density assump- 
tion, the conversion is simply x = 1 - M. 

Solving Eq. 19 and substituting the above relation yields 

i(t', 1 )  - k,r" 
F(t', t )  = kp'(t')H(m')e-('-") 
r(t', t )  - k, [ ( t  - t') + u]~~('-'") 
m'(t) - 1 - k, 1' m'(tf)~(m')e-('- ' ' ){f - t' + Y)~/('-'") d t  

x( t )  - k,  S'm'(t')H(m')e-('-"[(t - t' + v)'/('-'") - D3/(3-w)]  

Values of Constants 

Smith- Asymptotic Approximation to 
Ewart Stockma y er-OToole 
Case I1 
Kinetics At Large r At Small r 

- 
- 

x ( t )  - k, 6' m'(f') H(m') e-('-'? - 3 + n  
W 0 n . [ ( t  - t' + v ) 3 / ( 3 - W )  - $ / ( 3 - w ) ]  dt' (20) 2 

- 1 CLCmR 1 

2 8 CI3gfdJ 
-- kl 

Given m', x is computed from a simple quadrature. The simpli- 
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we can rewrite Eq. 27 as 

m 

t 

Figure 5. Micelle concentration vs. time. 

which is the CSTR analogue of Smith and Ewart's (1984, p. 
598) integral equation for the rate of particle formation in the 
batch reactor. 

There are several methods to solve the micelle equations. The 
first method, employed by Smith and Ewart for batch reactors 
uses the contraction property of the integral operators. A second 
method, the use of integral transforms, is discussed later in the 
stability analysis. 

The solution to Eq. 22 using a contraction mapping is now 
developed. For notational convenience, let 

5 - w  
3 - w  

c = -- 

where r(c) is the complete gamma function. 

Rewriting Eq. 22 in the new constants gives 

m'(t) = 1 -- 

We start the contraction to the solution with an initial guess for 
m'(t), 

Substituting the initial guess into Eq. 25 gives 

Employing the definition of the incomplete gamma function, 

y(c, t )  = $' e-r xC-I dx = l' e-('-I') ( t  - t')'-' dz' (28) 
0 0 

a 
m;( t )  = 1 - - y(c, t )  r(c) 

Substituting the first iteration into Eq. 25 then gives the second 
iteration, 

( t  - t')c-' y(c, t ' )  dt' e- ( I  4') (30) 

Equation 30 can be simplified with the following formula 
(Rawlings, 1985, Appendix B), 

-(r-t') e ( t  - t')o-' y (6 , t ' )  dt' 

Substituting Eq. 31 into Eq. 30 yields, 

Continuing this iteration process leads to 

0 5 t s t l  (33a) 

Since Eq. 25 is a linear Volterra equation, the infinite series is 
guaranteed to converge uniformly to the unique solution (Stak- 
gold, 1979, p. 250). Substituting Eq. 33a into Eq. 20 gives the 
conversion. 

If the continuous reactor goes to steady state without ever 
depleting the micelles (a small), then Eq. 33 is the solution for 
all t .  If the micelles are depleted, then we may determine the 
value of t l  at which this first occurs from 

Unfortunately, a closed form solution of Eq. 34 for t ,  (a) does 
not appear tractable. Given t , ,  however, m' can be extended to 
the next time interval, t l  5 t 5 t2 ,  where as seen in Figure 5 ,  
there is no particle nucleation [i.e., H(m')  = 0 in Eq. 211. Thus 
over t ,  5 t 5 tl 

t')c-l dt' 
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Since m'(t') is available from Eq. 33, the righthand side can 
simply be integrated until t2,  at which time the micelles reap- 
pear and particle nucleation commences again. In principle, the 
entire solution could be generated by repeating this process for 
each of the invervals, (tz,, f2 r+2 )  n = 0, 1, 2, . . . 

One has to solve for the ti numerically, however. Alterna- 
tively, one may simply solve the original nonlinear micelle equa- 
tion numerically, as discussed above. 

Finally, the kernel of the nonlinear integral equation can also 
be shown to satisfy a Lipschitz condition (Stakgold, 1979, p. 
249; Davis, 1962, p. 415). This is sufficient to establish the exis- 
tence and uniqueness of the solution of the nonlinear, simple 
model, Eq. 18. It is also interesting to note that models similar to 
Eq. 25 arise in cell population kinetics. Yakovlev et al. (1977) 
discuss solving these models using Laplace transforms. 

Stability Analysis 
The stability of the steady states of the simple model is exam- 

ined next. The steady-state solution of the population balance 
is 

F,(s) = k,m,e-' 0 5 < w (36) 

in which r = t - t' is the particle's age in residence times. From 
Eq. 18, the steady-state micelle number must satisfy 

m, = 1 - k,m, e?(r + v)'-' dr -l 
Solving Eq. 37 yields 

m, = 11 + k,e"[I'(c) - y(c, D)]]-' 

(37) 

Assumption 8 (v small) and the definition of a then give the 
steady-state micelle concentration 

1 
m, = - 

l + a  (39) 

The steady state is obviously unique. The absence of steady- 
state multiplicity is a result of the assumption that + is constant. 
The strongly nonlinear dependence of the termination rate con- 
stant on 4 is what allows steady-state multiplicity in the detailed 
model. The influence of the gel effect model on the multiplicity 
has been recently discussed by Rawlings and Ray (1986a). 

The advantage of the simple model is that one does not have 
to determine the stability of the coupled partial differential 
equations for F and r .  Due to the assumption t_hat the aqueous 
phase radical concentration R is constant and i has the special 
form, Eq. 13, the partial differential equation for particle size r 
has a closed form solution. The solution to the particle distribu- 
tion function F is known once the m'(t) function is determined. 
Therefore, the stability of the simple model is completely deter- 
mined by the behavior of m'(t). 

Consider a perturbation in the number of micelles, md(t). 

The steady state, m,, is defined to be locally asymptotically sta- 
ble if there exists 6 such that for all perturbations I md(0) 1 < t ,  
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the asymptotic solution is 

i.e., the system returns to the steady state after sufficiently small 
initial perturbations. If t is so large than any bounded initial dis- 
turbance will asymptotically approach zero, the steady state is 
said to be globally asymptotically stable. In the rest of this sec- 
tion, "stable" means stability in the sense of Eq. 41. 

We now derive linearized equations describing the time evolu- 
tion of md. Writing Eq. 5 in the particle age description gives 

Assuming that the reactor has the steady-state particle size dis- 
tribution at t = 0, and subtracting m, from both sides of Eq. 42, 
yields 

md(t) = C,(S - Swc) - 1 

- 5 6' e-' [m'(t - r )  H(m') - m,] r2(r) d7 (43) 
kS 

Since rn, is positive, linearizing the Heaviside function is trivial, 

H(m') = H(mJ + H'(m,) (m' - m,) = 1 (44) 
/ 

Perturbing the initial value of micelle concentration and substi- 
tuting the constants listed in Table 2 yields 

4 

in which md0 is the initial perturbation in the micelle number. 
The large time solution to this linear Volterra integral equation 
determines the stability. 

One can also solve Eq. 45 as a contraction mapping. This 
method is not convenient for large t ,  however, because it results 
in an infinite sum of increasing powers of t. 

Another method to solve the integral equation is to define the 
integral in Eq. 45 as a state. Repeated differentiation of the new 
state leads to a set of c autonomous differential equations that 
are equivalent to Eq. 45. This process works only for c an inte- 
ger. If c is not an integer, one obtains an infinite number of dif- 
ferential equations, each depending on the next higher one. This 
is the same problem as obtaining fractional and unclosed 
moments when using the method of moments. 

Because Eq. 45 is linear and contains a convolution integral, 
the use of integral transforms is suggested. Taking the Laplace 
transform and solving for the micelle deviation variable, one 
obtains 

where s is the customary complex Laplace transform variable. 
The asymptotic behavior of md(t) can be ascertained from the 
singularities of i?id(s) in the complex s plane. If c is an integer, 
the analysis is straightforward. The denominator of Eq. 46 can 
be factored into csimple poles. The asymptotic behavior of md(t) 
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is determined by the pole with the largest real part. The com- 
plete function md(t) can be obtained by a partial fraction expan- 
sion (Churchill, 1972, pp. 70-78). 

If c is not an integer, the procedure is more complicated. In 
this case, the denominator of Eq. 46 is not an analytic function. 
It is in fact multivalued, and one has to make a branch cut in the 
s plane to make it single-valued (Hildebrand, 1976, pp. 568- 
571). One can then rigorously obtain md(t) by evaluating the 
Bromwich inversion integral (Hildebrand, 1976, pp. 624-628). 
The asymptotic behavior of m,(t) is still determined by the poles 
of E&) with the largest real part. The Bromwich integral is 
evaluated by Rawlings (1985, Appendix C). 

Solving for the zeros of the denominator of iiid(s) yields 

~ , = ( - a ) ” ~ -  1,5/j<c4rn (47) 

Finally, the asymptotic behavior of md(t)  is given by 

cos [ t  Zm(s,)] Re(s,) 2 0 (48a) zmdo 

C 
m,(t) -+ - e‘RefsJ 

md(t) - 0 Re(s,) 4 0 (48b) 

From Eq. 48 it is clear that the stability of the steady state 
depends only on the real part of so. The values of so are plotted as 
a function of a and c in Figure 6. The parameter c = (5 - w)/ 
(3 - w) arises from the slope in the f relation, while the a 
parameter depends on the slope and the operating conditions. By 
reducing the residence time of the reactor, a is reduced, while 
increasing the residence time causes the value of a to increase. 
Thus for any choice of w in the 2 relation, Eq. 13, and any set of 
operating conditions resulting in c and a, the transition from sta- 
bility to instability is determined from Eq. 47 and Figure 6. 

Let us choose w = 0 (c = %) corresponding to Smith-Ewart 
case I1 kinetics. Increasing the value of a causes the roots to 
move along the c = 7 3  line in Figure 6 away from the point ( -  1, 
0). Note that for c = 7 3 ,  the two roots move further into the left 
half-plane as a increases. In other words, there are no operating 
conditions that make the steady state unstable for Smith-Ewart 
case I1 kinetics. In fact for c 5 2 (w I ) ,  the reactor will be 
stable for all operating conditions. 

Im 

- 4  -3 - 2  -1 1 

Re 
Figure 6. Root locus of linearized micelle equation as a 

function of c and a. 
Smith-Ewart case I1 kinetics: c = 5 / 3  
Asymptote to Stockmayer-OTwle kinetics: c = 5 

Consider now the large-r asymptotic Stockmayer-O’Toole ki- 
netics with the collision model (n = 2) for radical entry so that 
w = ’/2 (c = 5). As a increases from zero, the roots pass into the 
right half-plane and the steady state becomes unstable. For any 
value of c, one can solve for the critical value of a at  which this 
transition occurs. 

a c = c o s -  , 2<c<co  1 (:)Ic (49) 

For the case of the large-r asymptote to Stockmayer-O’Toole 
kinetics (c = 5), the reactor becomes unstable for a, - 2.89. 

Further insight into the effect of the kinetic parameter c on 
the reactor stability can be gleaned by examining the kernel of 
Eq. 45 

in which T is again the dimensionless age of a particle in resi- 
dence times. The kernel describes how strongly the current m’ 
value is influenced by the past values. The maximum value of k 
occurs a t  T = T,,; where 

Figure 7 displays klk,,, vs. T for c = 7 3 ,  2, and 5. Note that as c 
increases, the current state of the reactor is influenced most 
strongly by states further and further in the past. 

Equations such as Eq. 45 were introduced by Volterra in the 
1920’s to study population dynamics (Scudo, 1971). Using the 
terminology of this field, kernels with large c denote “strong” 
delay kernels and those with small c are “weak” delay kernels 
(Cushing, 1977, p. 6). A physical explanation of the root locus 
diagram in Figure 6 is that for c 5 2, the delay kernel is not 
strong enough to destabilize the reactor regardless of the operat- 
ing conditions. 

The simple model’s stability regions are summarized for all 
values of a and c in Figure 8. Note that in region I (c c 2), the 
system is stable for any operating conditions. By maintaining 
a 4 1 in region 11, the system is stable for any choice of c in the 
kinetics. For c > 2, a > 1, the stability is determined by acr 

0 2 4 6 8 10 

Figure 7. Normalized delay kernal of micelle integral 

’F 

equation. 
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Figure 8. Stability regions for the simple model. 

I, stable for all a; 11, stable for all c; 111, stable; IV, unstable 

which may be calculated from Eq. 49. For a < ac (region 111), 
the reactor is stable, while for a > a, (region IV)  it is unstable. 

One can also solve for the period of the asymptotic solution a t  
the onset of instability, (a = a,), 

This result is plotted in Figure 9. Note that the period of the 
oscillation is longer than eight residence times for the c = 5 
kinetics, which is in good agreement with the period observed in 
some experimental studies. 

Let us now discuss the character of the instability that arises 
as a increases beyond a,. Since the steady state in question is 
unique and unstable and the solution is bounded, we expect to 
see some type of periodic behavior for a > a=. Unfortunately, one 
cannot apply Bendixson's second theorem (Minorsky, 1947, p. 
78) to prove the existence of a limit cycle because the system is 
not described by two autonomous differential equations. How- 

T 

20 I 

15 

10 

5 

0 

rn 
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0 . 4  
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0.2 
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md 

0 20 4 0  60 80 
t 

Figure 10. Simulation of micelle equation, stable case. 
c - 5;  a - 2.5 < a, 

ever, we may study the nonlinear behavior through numerical 
simulation. 

Let us again consider the large-r asymptotic Stockmayer- 
O'Toole case (c = 5 ) ,  which as we see in Figures 3 and 4 is a 
reasonable approximation to the actual 7 for vinyl acetate poly- 
merization. Equation 49 shows that the critical value of is 
about a, = 2.89. Figure 10 shows the solution to Eq. 45 for a 
stable steady state with a = 2.5. The initial perturbation, mdo, of 
0.5 m, clearly damps away to the steady state. 

At the critical value of a, the solution approaches a constant- 
amplitude oscillation with a period given by Eq. 52. The ampli- 
tude of the oscillation is completely determined by the size of the 
initial perturbation, mdo. Figure 11 shows simulations at  a = a, 
for several different initial perturbations. The steady state for 
the linearized model a t  a = a, is known as a center (Jordan and 
Smith, 1977). The nonlinear model exhibits the same behavior 
as the linearized model in the vicinity of the steady state, how- 
ever. The only difference between the two is the Heaviside func- 
tion, which does not have an impact until the micelles disappear. 

m 

0 . 0 . 0  
0 10 20 30 

t 

Figure 11. Simulation of micelle equation, transition to 
instability. 
a - 2.89 - a, 
- Steady state 
- mdo - 0.5 m, 

_ _  m,,, - 0.2 m, 
mdo - -m, 
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Figure 12. Simulation of micelle equation, unstable 
case. 
c -  5 ; a -  3 > a ,  

Therefore, the steady state of the simple nonlinear model is also 
a center a t  a = a,. 

Finally, the solution to Eq. 45 is plotted for an unstable steady 
state, a = 3. Figure 12 shows that the steady state is indeed 
unstable for this case and the linearized solution has oscillations 
with ever-increasing amplitude. However the nonlinear Eq. 43 
contains the Heaviside function, which keeps the reactor oscilla- 
tions bounded in amplitude. In fact, this is one of the most inter- 
esting features of the transition to instability. The reactor does 
not begin oscillating with small amplitude just beyond the tran- 
sition to instability a = aE, as is usually the case in nonlinear 
stability problems. Rather, it jumps to a large-amplitude oscilla- 
tion at  a = a,, which is determined by the presence of the Heavi- 
side function a t  the critical micelle concentration (CMC). 

The bifurcation structure for c = 5 is summarized in Figure 
13. The steady state is unique for all a. The point a = a, is a 
center, and the steady state becomes unstable for (Y > a,. Stable 
periodic solutions exist for a > a,. Both the maximum and the 
minimum of the oscillation are plotted as  circles in Figure 13a. 
The period of the stable periodic solutions is plotted in Figure 
13b. Figure 13 was prepared by simulating Eq. 18 in time until 
the period and amplitude of the oscillation did not change signif- 
icantly. 

Numerical calculations indicate that any initial condition is 
in the region of attraction of the steady state for a < a,. The 
simple model appears to be globally asymptotically stable in this 
region. Likewise, any initial condition appears to be in the region 
of attraction of the stable periodic solution for a > a,. This 
seems reasonable since there is only one steady state, and it is 
unstable. 

Numerical simulations are presented in Figures 14 to 19 for 
c = 5 and a range of a values. In these simulations the reactor is 
started up without particles. The operating parameters are: 

S, = 0.03 mol/dm3 

I j  = 0.03 mol/dm3 

V , j  = 0.70 

T = 4OoC 

rn 

1 

0 

-1 a 

-2  

- 3  
0 5 10 15 20 

a 

T 'l'lm b 

8 
0 5 10 15 20 

a 
Figure 13. Bifurcation structure of simple model. 

a. Steady states and amplitude of oscillation 
b. Period of oscillation in residence times 
c = 5 ;  a, = 2.89 

Parameters given by Rawlings and Ray (1986a) for the poly- 
merization of methylmethacrylate (MMA) are used in the sim- 
ulations. Sodium dodecyl sulfate is the emulsifier and potassium 
persulfate is the initiator. 

Choosing a residence time of 35 min gives a = 1.77, which is 
stable. Figure 14 shows that the micelle number and conversion 
both approach the steady state in a damped oscillatory manner. 
The particle birth time distribution is plotted in Figure 15. Note 
that after the transients have disappeared, one is able to produce 
particles with a constant particle size distribution, which is an 
important factor in obtaining uniform quality product. 

x 0.05 

0 . 0 0  o.lol 
0 10 20 30 40 50 

t 

Figure 14. Simulation of simple model; micelles and con- 
version vs. time for MMA polymerization. 
S, - 0.03 mol/L; I, - 0.03 mol/L; V,/  = 0.7; T = 40°C; 8 = 35 
min; a - 1.77 c a, (stable); c - 5 
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Figure 15. Particle time distribution vs. time for MMA 
polymerization. 
Data as in Figure 14 

Contrast the results for a 50 min residence time shown in Fig- 
ures 16 to 18. For this case, the a value increases to 10.55, so the 
steady state is unstable. The micelle number and conversion 
show sustained oscillations with a period of about ten residence 
times. The conversion oscillation lags about 180 degrees behind 
the micelle number oscillation. The lag is caused by the time it 
takes a group of newly formed particles to grow large enough to 
achieve high reaction rates. The particle time distribution shown 
in Figure 17 has short periods of rapid particle generation fol- 
lowed by long periods of washout with no particle generation. 
One cannot obtain a steady particle size distribution under these 
conditions. A phase plot of reactor conversion vs. micelle num- 
ber shows the solution winding onto a stable periodic solution. 
There is no contradiction presented by the curve intersecting 
itself in the phase plane, since the system is not described by two 
autonomous differential equations. Increasing the residence 
time lengthens the period of the oscillation. This is shown in Fig- 
ure 19 for 70 and 80 min residence times. Further simulations 
and discussion are provided by Rawlings and Ray (1982) and 
Rawlings (1985). 

For a fixed slope of the 7 vs. r curve (parameters w or c), the 
parameter a governs the reactor's stability, and it is straightfor- 
ward to examine the effect of the operating parameters. In order 

0 10 20 30 40 50 

t 

Figure 16. Simulation of simple model; micelles and con- 
version vs. time for MMA polymerization. 
S, - 0.03 mol/L: I, = 0.03 mol/L; V,, - 0.7; 7' = 40°C; B - 50 
min; a - 10.6 > a, (unstable); c - 5. 

Figure 17. Particle time distribution vs. time for MMA 
polymerization. 
Data as in Figure 16 

X 

Figure 18. Phase plane projection of conversion vs. mi- 
celles for MMA polymerization. 
Data as in Figure 16 
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Figure 19. Simulation of simple model; micelles vs. time 
for MMA polymerization. 
a. B - 70rnin. a - 57: b. 6 - 80rnin. LI - 11 1 
c - 5 ;  S, - 0.03 mol/L; I, = 0.03 mol/L; V,, - 0.7; T - 4OoC 
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to develop a general expression for a in terms of a chosen slope w 
and the constants defined in Table 2, one may substitute into the 
definition of a (Eq. 23b) to yield 

This can be used to test the stability of the reactor by compari- 
son with ac. 

As special cases, Table 3 lists five possible models arising 
from the different approximations to the Stockmayer-OToole 
kinetics. Case A is the Smith-Ewart case 11 kinetics. Cases B 
and C are the large-r asymptote kinetics with the diffusion and 
collision models, respectively. Finally, cases D and E are the 
small-r asymptotic kinetics with the diffusion and collision mod- 
els. For cases A-E, one substitutes Eqs. 14-16 for ki and w into 
Eq. 53 to obtain a for each case: 

Choosing n = 1 and n = 2 (radical entry diffusion and collision 

Table 3. Stability Criteria Parameters 
for Five Approximate Models 

Case, Model a w c lxc 

A. S-E case I1 0 513 m 

B. Large-r diffusion 2 3 8  

C. Large-r collision Kc ~ 2.5 5 2.89 
(sf!s] 

D. Small-r diffusion 

E. Small-r collision 

Values of K at 40°C. min-q 

Methylmeth- 
Styrene acrylate 

KA 0.114 0.448 

KC 1.14 10-l3 2.83 x lo-* 
KD 0.00190 0.00934 
KE 3.45 x 0.00834 

KB 4.00 x lo-* 1.99 x 1 0 - ~  

Vinyl 
Acetate 

3.66 
9.87 

2.27 x 1 0 - ~  

9.98 x lo-' 
0.00154 

models, respectively) in Eq. 54 and substituting the dimension- 
less constants defined in the Notation gives the general relation 
for a as 

The exponents p and q depend on the slope w of the chosen mod- 
el. Here, the K value for each model depends only on the choice 
of the physical and kinetic parameters and the temperature. 
These are listed for styrene, methylmethacrylate, and vinyl ace- 
tate monomers in Table 3. Notice that models A and D in the 
table never predict instability for any operating conditions 
because w 1 (c 5 2). The other models all show that a 
increases and the reactor tends toward unstable performance for 
high initiator concentration, high residence time, and low sur- 
factant concentration, although the exact dependence of a on 
the operating parameters is different for each model. 

Comparison to Other Models 
and Experimental Data 

The simplified model of this paper was derived by applying 
eight assumptions to the detailed model of Rawlings and Ray 
(1986a). The major contribution of this paper is the develop- 
ment of analytic conditions for stability using this model. We 
can now compare these simple stability criteria to the results 
obtained from a bifurcation analysis of the detailed model. 
There are of course several limitations of the simplified model 
that must be taken into consideration in order to make a reason- 
able comparison. First, the simplified model should not be used 
if the reactor operation is a t  high conversion with a monomer 
that has a significant gel effect. Assumption 6 precludes steady- 
state multiplicity and a careful treatment of strongly nonlinear 
gel effects. The full numerical analysis of the detailed model is 
necessary to handle this operating regime. A second limitation is 
the applicability of the simple power law approximation of the 
full Stockmayer-OToole 7 relation (assumption 7). Certain 
monomers, such as styrene in Figure 2, are  not well described 
over the full range of important particle sizes by a simple power 
law form. We again emphasize that chain transfer agents and 
impurities can have a big impact on the choice of parameter val- 
ues in the power law approximation. Figures 3 and 4 show that 
cases E and C should give a reasonable description for methyl- 
methacrylate and vinyl acetate polymerization, respectively. 

We first examine the effect of the eight simplifying assump- 
tions on the stability predictions for methylmethacrylate poly- 
merization. In the bifurcation analysis of the detailed model 
(described in detail in Rawlings and Ray, 1986a,b), the transi- 
tion from a stable steady state to a limit cycle occurs when a 
complex conjugate pair of eigenvalues crosses the imaginary 
axis into the right half-plane. The computer program that calcu- 
lates the eigenvalues of the detailed model allows the user to 
employ any combination of the eight simplifying assumptions 
used to derive the simplified model. Rawlings (1985) and RawI- 
ings and Ray (1986b) provide a full discussion of the numerical 
details of this program. 

Figures 20 and 21 show the effects of the simplified-model 
assumptions. The real part of the complex eigenvalue pair with 
largest real part is plotted vs. residence time in Figure 20. The 
simplified model (solid line) is in good agreement with the roots 
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Figure 20. Real part of eigenvalue vs. residence time for 

MMA polymerization. 
S, - 0.03 mol/L; 1, - 0.03 mol/L; V,, = 0.7; T - 40°C 
- Simplifi-d model, case E. assumptions 1-8 
- _ _ _ _  Exact i relation. assumptions 1 4  and 8 

Full detailed model. no assumptions 

of the linearized micelle equation, Eq. 47. The transition to limit 
cycles occurs a t  19 = 9.3 min. This can also be found from Table 3 
by computing ct for case E a t  these operating conditions. Using 
the full Stockmayer-O'Toole 7 relation (dotted line) with the 
other simplified-mode1 assumptions has only a small impact on 
the eigenvalues, and the transition to instability increases to I9 = 

10 min. Thus for methylmethacrylate polymerization, case E is 
a valid approximation to the Stockmayer-O'Toole relation for 
the stability analysis. Of the other seven assumptions, the big- 
gest changes in the eigenvalues are caused by the constant-den- 
sity assumption and the constant aqueous phase radical concen- 
tration. None of the assumptions changes the essential features 
of the plot, however. There is always a single residence time at  
which a pair of eigenvalues crosses into the right half-plane. 
There is even reasonable quantitative agreement between the 
detailed and simplified models since some of the assumptions 
have opposite effects and compensate each other. For example, 

X 

4 6 8 10 12 14 16 

Figure 21. Steady state conversion vs. residence time 
for MMA polymerization. 
Data and curve identification as in Figure 20. 
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removing all assumptions and using the full detailed model 
shown in Figure (dot-dash line) predicts the onset of instability 
a t  0 = 7 min. 

The steady-state conversion vs. residence time for these three 
cases is shown in Figure 2 1. The simplified model overpredicts 
conversion for large residence times, which results from the 
choice of the small-r asymptote for the T relation, which from 
Figure 3 overpredicts ? for large particles. At large residence 
times, the large particles make a significant contribution to the 
overall rate of monomer consumption. As long as the monomer 
droplets are present, however, the discrepancy in the steady- 
state solution does not affect the stability conclusions signifi- 
cantly. 

Application of the stability criteria for the cases of the meth- 
ylmethacrylate experimental studies noted in Table 1 shows 
complete agreement of the stability predictions between the 
detailed model and the case E simplified model. For the vinyl 
acetate experimental studies, there is complete agreement be- 
tween the detailed model and the case C simplified model. The 
two levels of models agree at  all experimentally reported operat- 
ing conditions for these two monomers. Thus the simplified 
model analysis may be useful in providing a quick and easy 
method for studying the stability features of an operating 
region. The more cumbersome full model bifurcation analysis 
and numerical simulation studies can always be used to study 
regions of interest in greater detail. As discussed by Rawlings 
and Ray (1985, 1986b), one should also examine the amplitude 
of the oscillations in unstable regions. Even though the model 
predicts instability, the amplitude of the oscillation in monomer 
conversion can be so small that the experimental data would 
appear to be stable. 

Chiang and Thompson (1979) analyzed a model similar to 
the simplified model of this work. The important difference 
between the models is as follows. Chiang and Thompson did not 
include the Heaviside function to stop particle initiation when 
the emulsifier concentration was below saturation. Their model 
was therefore linear a t  the outset and could not deal with tran- 
sients that dipped below the critical micelle concentration 
(CMC). The current work started with a nonlinear model that 
was linearized about the steady state. The principal result of 
Chiang and Thompson's work is that the reactor is guaranteed 
to be stable if the steady-state particle area is less than one-half 
of the area of the soap in the feed. In the present notation this 
criterion is 

From Eq. 39, this is equivalent to 

a t 1  (57)  

From Figure 7, one sees that Chiang and Thompson were 
describing region 11, which is indeed stable for any choice of 
kinetic constant c. 

Chiang and Thompson also developed a necessary and suffi- 
cient stability condition. There is a minor problem in comparing 
the current analysis to that of Chiang and Thompson. All of the 
results following Eq. 9 of their paper are only correct in the limit 
of vanishing initial particle size. Also, there is a sign error in the 
exponent in their Eq. A1 1. However, if we modify their analysis 
to account for these two problems, and transform their stability 
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criterion into our notation, it takes the form of Eq. 49. Unfortu- 
nately, Chiang and Thompson did not pursue their stability 
analysis beyond the criterion a < 1 and thus were led to errone- 
ous practical conclusions. In particular, their conclusion that 
a =- 1 leads to unstable operation and that this instability is 
independent of the value of c is totally incorrect. 

Conclusions 
A simple model for continuous emulsion polymerization reac- 

tors has been derived, The model retains the essential features 
for analysis of dynamics and stability and it provides great 
insight into the physical factors that control the stability of these 
reactors. An analytical solution to the model equations is devel- 
oped that will be useful in simulation. 

The most important conclusions from the present analysis are 
as follows: 

1. The onset of oscillations in emulsion polymerization for 
steady-state operation above the C M C  has nothing to do with 
the nonlinear on-off mechanism of particle nucleation at  the 
CMC. The transition to instability arises for operation com- 
pletely above the CMC. The presence of the C M C  only controls 
the amplitude of the resulting oscillations. 

2. The stability of the reactor depends on two key factors, as 
shown in Figure 8: 

(a) The slope w of the log 7 vs. log r (particle size) curve. 
For slopes w 5 1, the reactor is stable for all operating condi- 
tions. For w > 1, the stability depends on 

(b) an operating factor a defined by Eq. 53. For values of 
a < 1, the reactor is stable for all slopes w. However, when 
w > 1, the reactor is only stable for a < a, where a, is given by 
Eq. 49. For any system, a varies as shown in Eq. 55  so that if 
w > 1, then high initiator concentration, lower surfactant 
concentration, and longer mean residence time lead toward 
instability. 
3. One of the immediate consequences of 2a above is that 

reactors with Smith-Ewart case I1 kinetics (where w = 0) can- 
not oscillate under any operating conditions. 
1. A second consequence of 2a above is that any kinetic 

mechanism or operating condition that causes the slope of the 
log 7 vs. log r curve to increase can increase the potential for 
instability and oscillatory operation. Examples of such mecha- 
nisms are radical desorption (through high chain transfer con- 
stants, addition of chain transfer agents, etc.), the presence of 
certain types of impurities, and the like. 

5 .  At the transition to instability, relatively large-amplitude 
oscillations are seen immediately because a t  the bifurcation 
point (which is a center), the amplitude of the oscillation is 
determined only by the proximity of the steady state to the 
CMC. 

It is interesting that these conclusions are in good agreement 
with trends observed from experimental reports of oscillatory 
behavior in emulsion polymerization reactors (Rawlings and 
Ray, 1986a). There is also good agreement between the detailed 
and simplified models a t  all experimentally reported operating 
conditions for methylmethacrylate and vinyl acetate polymeri- 
zation. 
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Notation 

a = constant for 2, Eq. 12a 
a,, = emulsifier coverage area on a micelle 
a‘, = emulsifier coverage area on a particle 
a, = surface areapf a micelle 

b = constant for i, Eq. 12b 
c = kinetic model constant, Eq. 23a 

Cj = 1 - d,/dp 

C, = dm/MwtM, c, - kd 0 

C, = k,O/N, V, 

C, - k, 0 mf Vwf 

C5 = k, ,4ur~ N.  I, O/ V,, 

C, = aemSf/ammf 
ca = a e m / a ,  V w f  
C, = k,,47rrE Namf 0 

C,,  = k,,4xrENemf 0Vwf 
Ci, = kzrQf) ,N,Vm/kd& 
C, ,  = 4(47rr: V,I kmp/k,o)112Na 

d ,  = monomer density 
d, = polymer density 

D, = effective diffusivity, D, - DpDw/(mdD, + D w )  
Dp = diffusivity of radicals in polymer particles 
D, - diffusivity of radicals in aqueous phase 

DmMut/2rmkydm 1 

f = initiator efficiency factor 

gp - gel effect for propagation reaction, k p / k p  
g, = propagation gel effect at Q = Qml 

g, = gel effect for termination reaction, k , / k ,  
g, = termination gel effect at Q - &t 

g,, = gel effect for chain transfer reaction, k,,/k,, 
g,,o = chain transfer gel effect at Q - @,,l 

H = Heaviside or unit step function 

F(t’ ,  t )  = concentration of polymer particles at time t born at time t’ 

i = average number of radicals per particle 
I = initiator concentration 

I , (a)  = modified Bessel function of the first kind 
kd - initiator decomposition rate constant 
kf = C5R, V W f ,  Table 2 
ki = constant in simplified model’s relation, Eq. 13, Table 2 

k,  = C,k,k:/V,,, Table 2 
k,, = mass transfer coefficient for radical entry into micelles 
k ,  = mass transfer coefficient for radical entry into particles 
kp = propagation rate constant 

k,  = propagation rate constant at 0 conversion 
k, = [(3 - w)/3C6gp4, / (1  - Q~l)k i ]”( ’ -w) ,  Table 2 
k, = termination rate constant 

k,, = termination rate constant at 0 conversion 
k,  = effective chain transfer rate constant 

k,, = chain transfer rate constant at 0 conversion 
k, = C,C,g,&,k, kjk:(3 - w ) / 3 ,  Table 2 
K = stability constant, Eq. 55, Table 3 
m - micelle concentration, m = m’H(m’) 

m’ = available free soap for micelles 
md = micelle concentration deviation from steady state 
md - monomer partition coefficient (see D, above) 
M - total monomer concentration 
M,, = monomer molecular weight 

n = radical entry model order: n - 1, diffusion model; n - 2, colli- 
sion model 

N. = Avogadro’s number 
Q = volumetric flow rate 
r = particle radius 

r,,, - radius of a micelle 
R = aqueous phase free radical concentration 
Rf = aqueous phase free radical concentration at feed conditions - 

2f  C4I c9 
s = Laplace transform variable 

so - poles of Eq. 46 
S = total emulsifier concentration 
S, - critical micelle concentration 

t = time 
1’ = time that a particle first appears in reactor 
T = temperature 
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v = (1  / k , )3 -w ,  Table 2 
V,,, - volume of a micelle 
V, - total volume of contents of reactor 
V ,  - volume fraction of water in reactor 
w = exponent of simplified model’s i relation, Eq. 13, Table 2 
x - overall monomer conversion 

Greek letters 
a = constant, Eq. 23b 
a, = value of a at transition to instability 
y = incomplete gamma function 
F = complete gamma function 
B = reactor residence time 
h = largest eigenvalue of detailed model 
7r = pl 
T - particle age in residence times 
T = period of sustained oscillation in residence times 
6 - monomer volume fraction in particles 

bm, = saturated monomer volume fraction in particles 

Subscripts 
f = feed conditions 
s - steady state 
d = deviation from steady state 
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